Churong 4. Ly thuyét truong

CHUONG 4. LY THUYET TRUONG

GIOI THIEU

Trong vat ly, dic biét trong k¥ thuat thuong gap khai ni€ém truong: Truong nhiét do, tu
truong, dién truong,.... Khai niém trudng trong toan hoc 13 téng quat hoa cac trudng hop cu thé
d6. Mién Q eR® xac dinh mot trudng v6 hudng u(x,y,z) néu tai moi diém M (x, y,z) € Q déu xac
dinh dai luong v huéng u(M). Chang han truong nhiét do 1a mot trudng vo hudng. Vay dic
trung cta truong vo hudng 1a mot ham vo hudng. Mién Q eR’ xac dinh mot truong vécto

f(x, ¥, z) néu tai moi diém M (x, y,z) € Q déu xac dinh dai lugng vécto:

F(x,9,2) = P(x,7,2)i + Q(x,7,2).] + R(x, 7, 2).k = (P, 0, R)

Chang han tir truong 1a mot truong véc to. Vay dic trung cta truong vécto 14 mot ham
vécto. Mot trudng vécto xac dinh khi biét ba thanh phin cua vécto dic trung cho trudng do:
P(x,v,2),0(x,,2),R(x, y,2), tic 1a biét ba truong v hudng. Tlr nay vé sau ta dung cac ky
hiéu: = (x,y,z) thay cho oM , trong d6 M c6 toa do (x,),2), dr = (dx,dy,dz)
dS = (dydz, dzdx, dxdy) .

Pé hoc tét chuong nay, ngudi hoc can thong thao phép tinh vi tich phan ham nhiéu bién.

Trong chuong nay, yéu cdu nam viing cac ndi dung chinh sau day:

1. Céac déc trung cua truong vo huong.

Mit mirc, Gradién va y nghia vét li cua cac dai lugng do.

2. Céc dac trung cua truong vécto.

Duong dong, thong lugng, do phan ki, hoan luu, vécto xody va y nghia vat li cua cac dai
luong do.

3. Cac truong dac biét

Diéu kién nhan biét va tinh chét cua cac truong dic biét: truong Ong, trudng diéu hoa,
truong thé.

NOI DUNG
4.1. Cac dic trung cia truong vo huéng
4.1.1. Mat mirc

Cho truong v6 hudng u(x,y.z), (x, v,z) € Q. Tap cac diém (x,y,z) € Q thoa man phuong
trinh: u(x,y,z)=C, Clahang sb “4.1)
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Chirong 4. Ly thuyét truong

£oi 1a mat muare cua truong vo hudng tng véi gid tri C. RO rang cdc mat mirc khac nhau (cac gia tri
C khac nhau) khong giao nhau va mién Q bi phi kin béi cac mat mirc. Néu Q cR? thi ta c6 khai
niém dudng mirc (dudng dang tri) cho boi phuwong trinh:

u(x,y)=C
Chang han, modt dién tich ¢ dit & goc toa d0 gdy nén mot truong dién thé
1
u(x,y,z)= . Khi @6 mat mirc ¢6 phuong trinh: g e C
2, .2 2 [ 2= 2/ D
X+ y +R Xty +z

q2 s s

hay x?+ yz +z% = 5= R?. D¢ 1a cac mat cau dong tam 0.
C

4.1.2.Gradién (Gradient)

Cho truong v6 hudng u =u(x,y,z),(x,y,z) € Q va u(x,y,z) kha vi trén Q. Khi d6
ou ou ou
ox’ oy’ ox

(Xem muyc 1.2.8,Chuong 1.) Vay mét truong vo hudng u(x, y,z)da sinh ra mot truong vécto

gradu(x,y,z) = ( j, (x,y,2) e Q. 4.2)

gradu(x, y,z) .

Tir tinh chit ctia phép tinh dao ham, ta ¢ cac tinh chit sau day ctua Gradién
grad(Au) = Agradu , A 13 hing s6.

grad(u +v) = gradu + gradv
grad(u.v) = v.gradu +u.gradv

grad% = &(Vgradu —ugradv), néu v =0
gradf(u) = f '(u)gradu.
4.2. Cac dic trung cua truong vécto
4.2.1. Puong dong
Cho truong vécto F(M) = P(x,y, z);' + Q(x,y,z).} + R(x,y, z)l; , (x,y,z) e Q. Puong

cong C = Q goi la dudng dong cua truong vécto F(M)néu tai mdi diém M trén dudong cong C,

tiép tuyén cua C tai d6 c6 cung phuong vé6i vécto F(M). Ching han cac dudng stic trong tir

truong hodc dién trudng 1a cac duong dong. Néu dudng dong c6 phuong trinh :

x=x(t)
y =y
z=2z(1)

_)
va P,Q,R 1a cac thanh phan ctia F thi ta c6 h¢ thuc:
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YOy 20 “s
Px,p.2) O(0.7)  R(xp.2)

Goi (4.3) 1a h¢ phuong trinh vi phan cua ho duong dong cuia truong vécto F (x,v,2).

Chéng han moét dién tich ¢ dat tai géc toa d tao ra mot di¢n truong £, theo dinh luat
Culong thi :

i

Zo4r_ qx qy gz

3 37 322 3
(x2 +y2 +22)2 (x2 +y2 +zz)2 ()c2 +y2 +22)2

r

Khi d6 hé phuong trinh vi phan cia ho duong dong 1a :
& _dv_ds
x y oz

Pé giai hé phuong trinh nay, ban doc c6 thé xem trong [2],[6].Két qua ho duong dong
( trong vat li, thuong goi 1a cac duong suc) cho boi phuong trinh :
x=kit,y=kot,z=kst, ky,ky,k; 1acachingsb tuy y.

D6 13 ho dudng thang di qua gde toa do.

4.2.2. Thong lwgng caa trudng vécto

Trong muc 3.6.2 ta da dua ra dinh nghia thong lugng cia truong vécto F(x, ¥,Z) qua mat

cong dinh hudng S xac dinh theo cong thuc (3.35) :

o= ] FndS = [[ Pdydz + Qdzdx + Raxdy = | FdS (4.4)
S S S

Trong d6 n(cosa,cos B,cosy) la vécto don vi clia vécto phap tuyén cua mit S dugc dinh

huéng, P, O, R 1a cic thanh phéan cia F.

4.2.3. Dive (Divergence, d¢ phan ky)

Ta goi d6 phan ky hay goi tit 1a dive cua trudng vécto F(x, y,2) tai diém M(x,y,z) 1a dai
luwong vo hudng, ky hig¢u div?(x, ¥,z), xac dinh theo cong thirc :

o, 00 R

divF(x,y,z) = ™ + o 4.5)

Vay mét truong vécto F' da sinh ra mot truong vo hudng divF .

Néu mién ¥ < Q c6 bién 13 S thi cong thirc Gauss —Ostrogradski (3.42) c6 dang :

FndsS = ([[divF(x, y,z)dxdvdz (4.6)
([7nas -
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Nghia la thong lugng cua truong vécto F qua phia ngoai mit S bao mién ¥ bang tong do
phan ky tai tat ca cac diém trong mién ¥ cua trudng vécto. Theo ¥ nghia co hoc cua tich phan boi
ba, suy ra divF(x, ¥,z) chinh la mat d¢ thong luong tai diém M(x,y,z) ctia truong. Tir ¥ nghia vat
1y ctia truong van tdc ta thdy thong lugng cla trudng véan tde qua mit kin S ra phia ngoai 1a hiéu
ctia lugng vat chat tir trong chay ra va tir ngoai vao qua S (ching han luong nudc). Néu thong
lugng @ > 0, tir y nghia vat 1y, cling nhu tir tinh chét cta tich phan ta thdy trong mién ¥ bao boi S

phai c6 diém ngudn. Chinh vi thé ta goi M 1a diém ngudn cia truong néu divF (M) > 0, ngugc

lai néu divF (M) <0 thi M 1 diém hut.
4.2.4. Hoan luu
Cho truong vécto F(x, v,z)=(P,0,R) va mot duong cong L trong truong vécto. Ta goi :
C=dex+Qdy+Rdz=der @.7)
L L
1a hoan luu hay luu sb cua truong ]?(x, v,z) theo duong cong L. Theo y nghia co hoc cua tich

phan dudng loai hai ta thiy néu ﬁ(x, v,z) la truong luc thi hoan luu cta nd theo L 1a cong do luc

I?(x, ,z) sinh ra khi vat di chuyén doc theo L.
4.2.5. Réta (Rotation,Véc to xoay)

Cho truong vécto F(x, v,z) =(P,0,R), vécto xody cua truong, ky hi€u la rotF , Xac dinh

theo cong thirc :

ot =| R QN 5_P_5_Rjj+ 0Q_P\
oy .0z 0z 0Ox ox 0oy
i iy k 4.8)
_|& M B
ox Oy 0z
P Q R

Vay mdt truong vécto F da sinh ra mét truong vécto rotF(x, y,z).

Gia st c6 mat cong S trong truong dugc dinh hudng va bién cta no la dudong L tron ting
khue. Khi d6 cong thure Stokes (3.39) ¢6 dang :

9517“ dr= ” rotEn.dsS = ” rotE.dS 4.9)
L S S

Nghia 13 hoan luu cia trudng vécto F doc theo chu tuyén L ciia mit cong S chinh bang
thong Iugng ctia vécto xody qua mat cong S cua truong.
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- - _ )
Tir ¥ nghia co hoc, ta thay IF .d r 1a cong cua truong luc F(x,y,z)khi di chuyén doc
L
theo L. Néu L 1a duong cong kin thi cong sinh ra thudng bang khong vi cong san ra trén phan

1

”thudn chiéu” ctia duong cong kin L can bang véi cong san ra trén phan “ngugc chiéu”, néu

khong ¢6 “xoay” (rotF = 0). Do d6, tir cong thirc Stokes ta thay hoan luu theo chu tuyén kin L
dic trung cho tinh xody ctia truong trén mat S ¢6 chu tuyén L, néi cach khac 13 tinh chat “xody”

ctia truong theo chu tuyén d6. Do d6, néu rotF(M) # 0 ta ndi rang M 1a diém xody cua trudng va

rotl_i(M ) =0 ta noi rang M 1a diém khong xoay.
4.3. Mt s truwong dic biét.
4.3.1. Truong thé

a. Pinh nghia : Trudong vécto F(M)goi 1a truong thé néu ton tai mot trudng vo hudng
u(M) sao cho :

F(M) = gradu(M),YM eV (4.10)

Khi d6 ham w(M)duoc goi 1a ham thé hay ham thé vi coa truong f'(M ), con
V(M) =-u(M) goila thé ning cua trudng.
Gia st F(M) = (P,0,R) 1a truong thé voi ham thé 13 u(M).
Khi do Pza—u,Qza—u,RZa—u,
ox oy 0z
Pdx + Qdy + Rdz 14 vi phan toan phan ctia ham u(M) .

tec la: du= Pdx+Qdy+ Rdz nghia la

b. Tinh chit : Xuit phat tir dinh ly bén ménh dé twong dwong (muc 3.4,Chuong3.), suy ra :
1. Dé truong F(M )1a truong thé, diéu kién can va du 1a trudng F (M) khdéng xoay
(rotF(M)=0,YM eV).

2. Hoan luu cua trudong F (M) theo moi chu tuyén kin, tron timg khuc trong ¥ déu bang 0

[ff.d; = o}.

Vi du 1 : Chig té rang truong luc hip dan tao boi trai dat tac dong 1én vé tinh 14 truong
thé va tim ham thé cua no.
Giai : Theo dinh luat Newton, truong luc hép danséla:

M.m-~
P

F(xayaz) ==Y
I
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trong d6 M 1a khéi luong trai dat, m 1a khdi lugng vé tinh. ¥ 1a hé s6 hdp dan, P(x,y,z)1a vi tri

cda vé tinh, con géc toa do coi 12 vi tri trai dt. Ta c6 :
rotF =0, VP(x,y,z) eR’\{0,0,0} (xem vi du 14 chuong 3)

Vay truong luc hap dan 13 truong thé. Ham thé tinh theo cong thirc (3.40) :

u(P)= j Fdr+ulM,)=-yMm Xdy+ydy+Zc;z
Moht gt (X7 + ¥ + 222
1 yMm
:]/Mm J d(;)+u(M0): +u(M0)

MM

trong d6 cac diém P,,P khong trung gdc toa do.
4.3.2. Truomg dng

a. Pinh nghia : Truong vécto F (M) goi 1a trudng ng néu divF(M )=0,YM €V hay:
8—P+6—Q+8—R=0 4.11)
ox Oy 0Oz

Ta goi dng dong cua truong vécto 1a phan khong gian trong ¥ tao boi cac duong dong tua
trén bién cia mot mat cong S nao do trong truong. Ban than mit S ciing nhu cac thiét dién ngang
ctia 6ng goi 1a thiét dién ctia dng dong.

b. Tinh chét : Tir cong thirc Gauss — Ostrogradski ta suy ra cac tinh chét sau day cia
truong ong

* Thong lugng ciia truong 6ng qua mat cong kin S bat ky trong truong déu bang khong.

That vay, ® = [[F.dS = [[[divFdxdydz=0.
S Q

* Néu ¥ 1a don lién thi thong lugng cia truong 6ng qua mat S c¢6 bién L trong truong chi
phu thudc vao bién L ma khong phu thugc vao mat S. That vay, gid st S; va S, la hai mat cung
cing boi bién L. Goi Q 1a mién gidi han boi hai mat nay thi :

0= [[[aivFdxdyaz = [[F.ds - [[F.ds
9 S, s,
Suy ra ”ng 4 ”F’dﬁ .
Sl SZ

* Thong luong qua moi thiét dién cua mot dng dong trong trudng 6ng déu bang khong.

That vdy, gia sit S; va S, 1a hai thiét dién cua ong dong (H.4.1). Goi S, 1a mit xung
S1,8,.

quanh cua éng dong gilta S| va S, va Q 1a vat thé giéi han boi S xq>
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H.4.1

Theo tinh chit 1,taco: 0 = ”F%dS + ”F;dS + ”Fi_;dS .
S, s, S

o day n dinh hudng ra phia ngoai ctia Q.

Theo dinh nghia cia dudong dong, nén trén bién S, thi Fn=0. Mit khéc, trén bién §;

thi n; ngugc hudéng véi n, thcla F.n=—-F.n;.
Con trén bién S, thi n, cung hudng véi n.

Tudosuyra: 0= —”F.adS + ”F.;zzdS.
Sl SZ
Hay la ”ng = ”]?dg .
N S,

D@ dang kiém tra thay duoc trudng hap din (vi du 1) hay dién trudng (vi du 14 chuong 3)
déu 1a cac trudng dng va truong thé trir gbe toa d6. Do d6 thong lugng qua moi mit cong kin
khong bao gbc toa d6 déu bang 0.

Vi du 2 : Tim thong luong clia dién trudng sinh ra boi dién tich ¢ dat & gdc toa do qua phia
ngoai mit cong kin S bat ky bao gdc toa do.

H.4.2

Giai : Tu vi du 14 chuong 3 ta c6 dién truong :

—

r
E=qg—
3

107



Churong 4. Ly thuyét truong

va thong luong qua mit cu ban kinh R 13 4.7.g nghia 12 khong phy thudc ban kinh R. Gia sir S 1a
mat cong kin nao d6 bao géc toa do. Goi Sy 1a mat ciu tim & géc toa d6 va ban kinh R du 16n
sao cho S bao ca §(H.4.2). Goi Q mién gi6i han boi S va Sg. Khi d6 :

[ EndS = [] divEdxdydz = 0
SUS, Q

Suy ra ”E;zdS =— ”EZdS , trong d6 vécto n cia S hudng vao gdc toa d6. Vay thong
S, S
lwong qua phia ngoai mat cong S chinh bang thong lugng qua phia ngoai mat cau S, va bang

4.7.q

4.3.3. Trudong diéu hoa

a. Pinh nghia : Truong vécto F(M)goi 1a trudng diéu hoa néu nod vira 1a trudong dng vira

1a truong thé, tirc 13 :
rotF =0
— 4.12)
divF =0
b. Tinh chat : Ham thé u(M) cua truong diéu hoa ]?(M ) 1a ham diéu hoa, néi cach khac
ham thé u(M) thoa man phuong trinh Laplace : Au =0

o%u  o%u azu_

Hay + =0 4.13)
o oy o2
That vay, ]?(M) 1a truong thé nén ham thé u thoa méan ou = P,a—u = ,a—u =R.
ox oy oz
Mat khac F(M) 1a truong 6ng nén A, + 0 + R =0.
ox oy Oz
2 2 2
Do d6 0K T L

= =
x> 8y2 oz
Theo dinh nghia thi truong hip dan va dién truong 1a cac truong diéu hoa trong mién ¥
. : C .
khong chtra gbc toa d6. Ham thé cua truong do c6 dang —-+ C ». Trong d6 C;,C, la cac hang
r

0. Cac vi du sau s€ chi ra cac ham diéu hoa tong quat hon.

Vi du 3. Ching minh ham s6 :

u(M) = &+C2,r = \/(X —x,) +(y-y,) +(z—2z,)*, C,,C,lacac hing sb tuy y
r
1a ham diéu hoa trong moi mién ¥ khong chira diém M, (xy, vo.20) -
Giai : Ta chirng minh ham u(M') thoa man phuong trinh Laplace (4.13).
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0 Cr X—Xx
That vay —uz—%z—Cl 3 0
X v r
o%u r? —3(x—x0)2
2 -G 5
ox r

Tuong ty :

d’u _C r’ _3()’_)’0)2

ayz 1 rS

o’u r?=3(z-z,)°

R
4 r

3r? = 3|(x = x)° +()")’0)2+(Z—Zo)2|:0

I"S

Do d6 : Au=-C;

2 r A 1 A
Tuong ty kiém tra thay rang ham u(x,y)=In—,r = \/(x —xo)2 +(y —yo)2 la ham diéu
r

hoa trong moi mién phang D khong chira diém M, (x,,¥,), tic 1a ham u da cho thoa méin
phuong trinh Laplace trong mit phing :
o’u o’
M="24+220_0
ox~ Oy

4.4. H¢ toa d cong truc giao
4.4.1..Dinh nghia:

Mbi mét diém M trong khong gian thyc dugc xac dinh bdi mot bo 3 sb sa“ip thir tu
(uq,u5,uz) vanguoc lai, duoc ki hiéu M (u,u,,u3) . Cac ) uy,u,,u3 goi chung la toa d6 cong
cia diém M. Cac mit cong lan lugt c6 phuong trinh: w,=uyy, Uy =uUyy, U3 =1Usy,

(uyq,uqg,u3pla cac héng sé) goi la cac mat toa do trong h¢ toa dd cong. Giao cua cac mdt toa do

goi la cac duong toa do. Néu cac duong toa do truc giao tirng do6i thi hé toa do cong dugc goi la
h¢ toa do cong truc giao. Nhu vay hé toa do dé cac, hé toa do tru (xem muc 2.4.2.), h¢ toa do cau
(xem muc 2.4.3.) 1a cac hé toa do truc giao (H.4.3, H4.4)
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_>
ZA k3 z4
—» —
Mﬁﬁ k3 —»
r \kz N :"k2
, -\.-\.E: 7(]»
: ; )
M
H.4.3 X

4.4.2. Lién hé giira toa do dé cac va toa dd cong truwc giao

M&i lién hé gitra céac toa d§ dugc cho boi h¢ phuong trinh:
x =x(uy,uy,u3)
y = y(uy,uy,uz) 4.14)

zZ= Z(ul,uz,u3)
Cac duong toa do /,/,,l; cho boi hé phuong trinh:

u,(x,y,z)=u,
{’( VA=t 193 v i ], (4.15)

uj(xayaz) :ujO
Céc vécto don vi cta cac dudng toa do tai diém M 1a k,,k,,k; (H 4.5), ching thoda man:
- >

1 ) .
bat &, = ,i =1,2,3. Nguoi ta da chirng minh dugc nhitng cong

Ou; o Oy Ol
\/(ax) +(8y) )

thire sau day, cho mai lién hé gitra toa d§ dé cac va toa do cong.

_)
dr =(dx,dy,dz) = (hdu, hydu, ,hyduy)

dg = (dx,dy,dz) = (h,h,du,du,, h,h,du,du,,hh,du,du,) 4.15)
dVv = dXdde = h1h2h3du1du2du3

Trong toa do cau (7, ¢,6), ta co: h =1h, =r,h, =rsinf.
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Trong toa dd tru (r,@,z),tacd: hy =1,h, =r,h, =1.
4.4.3.Cac dac trung cia truwong trong hé toa do cong truc giao

a. GradU(u,,u,,u;)

Cong thic téng quat: gradU = i6—U/€1+L8—Uk2+ia—Uk3 )
h, Ou, h, Ou, h, Ou,

Trong toa do cau cho U(r, 0,0), ta co:

gradU =8_U;1+18U ;24- ‘1 U 23. (4.16)
or r 06 rsing Op

Trong toa d9 tru cho U(r,¢,z), ta co: gradU:a—UkHrla—Uszra—Ulm. 4.17)
or r op 0z

b. DivF(u,,u,,u,)

%
Cong thirc tong quat: div F = 1 i(Flhzh3) + i(F2h3hl) + i(F3hlhz)
h1h2h3 5u1 81/{2 8143

%
Trong toa d6 cau (r,,0), cho F = (F,,Fy,F,), taco:

%
divF = — i(Frrzsina)Jri(zagrsme)+i(F¢,r) (4.18)
00 og

r%sin@| or

Trong toa d¢ tru (r,¢,z), cho F = (Fr,F(p,FZ), ta co:

wE -1 2 ra O\
divF = r {ar (F.r)+ o0 (F,)+ > (Fzr)} 4.19)

c. RotF(u ,u,,u;)

Cong thirc tong quat:

- - -
k1 ko k3
hyhy h3hy  hyhy
%
rot F = 0 s 0 4.20)

aul 6142 6u3
mEy,  hhF, hyF;

%
Trong toa d6 cau (r,¢,0),cho F = (FF,FH,F(/,) , ta co:
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Ea ;1 0 ) 0 ; 0 B .
rotF = > sin&{aa (Fpr sind) o0 (Fgr)} i 9{ (F.) (F(Drsme)}L
2 ]
K519 -2 (R .21
r 00

Trong toa d¢ tru (r,¢,z),cho F = (Fr,F(p,Fz), ta co:

rot;:k—{—(F )——(F r)}rkz[—(F)——(F )}L +£{—(F )——(F )}
r
(4.22)
d. Biéu dién AU
Cong thirc tong quat:
AU = 1 0  hyhy 8U)+ o ,h GU)_I_ 0 (h1h2 6U)
h1h2h3 aul hl aul auz h2 8u2 8u3 h3 5u3
Trong toa dd cau cho U(r,,6), ta co:
O’V 20U 1 2°U cos§oU 1 U
AU = +— + +
o ror 202 s 00 rZsind o¢* (4.23)
Trong toa do tru choU (7,9, z), ta co:
2 % 2
AU:aU 1oU 10U oU 4.24)

t——t— + J
o ror r’op oz
Vi du 4. Cho ham s6 U = r(cosé +sin @), trong d6 r 1a khoang cach tir gbc toa do O dén

ﬁ
diém M, con @ 1a goc gitta OM va truc Oz.
a. Tinh gradU

. , =l o 2 . oa:R . T
b. Xac dinh vécto don vi n, cta mat phang U = Const tai diém c6 0 = E

Giai:
a. Theo gia thiét, ham s6 U c6 cac doi so 1a cac toa do cau.

Thay U vao cong thic (4.16), ta nhan dugc

- -
gradU = (cos@+sin ) k 1+ (cos@ —sinb) k »
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%
b. Ta c6 n,// gradU, theo trén | gradU | = \/5, thay € :% vao cong thuc trén suy ra:

(1+B)ki+(1=~3)Ka|.

1
n,=—=
NG
2 r 2 1 s k -
Vi du 5: Tim hang so k dé truong vécto cho trong hé toa do cau F =r" r c6 thong luong
bao toan (trudng ong).

Giai: Bidu dién = (#¥1,0,0), theo cong thic (4.18) nhan dugc:
_)
divF = — ! { pkt3 sm@)} (k+3)r* =0, suyra k=-3.
r-sinfd

> -
Vi du 6: Chung minh trudng vécto cho trong h¢ toa do cau F = PLAREY truong thé véi moi

so k.
%
r

ﬁ
Giai: Biéu dién F=rFr =(%1,0,0), theo cong thic (421) nhan duogc

_>

%

rotF = k_2 i(rkH) _ ks i(rkﬂ) =0, voi moi k. Vay truong vécto di cho la
rsiné| op r |06

truong thé.

Vidu7. Biét Au=0 va u=u(yx’ +y”). Tim dang tong quat ctia ham u .
Gidi : R0 rang ham u duogc cho trong toa dd tru. Theo cong thuc (4.24), ta co

2
Au=d?+ld—u=li(7f@) 0
dr rdr rdr dr

Suy ra r%: C,,=>du :Clg,:u =C,/Inr+C,.
r r

(C,,C,,1a cac hang sé tuy y)

Vidu8. Biét Au=0 va u=u(yx> +y° +z>). Tim dang tong quat ctia ham u
Giai :Ro rang ham u dugc cho trong toa do cau. Theo cong thirc (4.23), ta ¢6

d’u 2du 1 d  ,du

Au = +——:—— 0
dr* rdr r? a’r( )
Suyra ra r2ﬂ=cl,:>du=cld—f,:>u=—Cll+cz.
dr r r

(C,,C,,1a cic hang sé tuy y)
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TOM TAT CHUONG 4
® Phuong trinh mit déng trj : u(x,y,z) = C, Clahang sb
e Gradién tai diém (x,y,2). gradu(x,y,z) = a—u,a—u,a—u
Ox Oy Ox
® Phuong trinh dudng dong :

X0 _ YO 20
P(x,y.2)  O(x,.2) R(x.7,2)

H
Thong luong cua truong véc to F'(P,Q, R) qua mitcong S :

} (x,y,z) e Q

® = ([ F.nds = ([ Pdydz + Qdzds + Rdxdy = [ F.dS
S N S

_)
D6 phan ky cta truong véc to F(P,Q, R) tai diém (x,y,z):

divF(x,y,z) = L + % + R
ox 0y Oz

N
Hoan luu cua truong véc to F'(P,Q, R) doc theo dudng cong L :

C:Ide+Qdy+RdZ:IF.dr
Y2 L
® Rota clia truong véc to F/(P,Q, R) tai diém (x,y,z).

rotlE:(G—R—G—ij+(a—P—a—R]3+[a—Q—a—P]f<
oy 0z = Ox ox oy

® Truong thé : I?(M )14 truong thé néu :

Ju(M): F(M) = gradu(M),YM €V hay rotF(M)=0,YM eV .

® Trudng ong : I?(M )14 truong 6ng néu
divF(M)=0,YM eV

P 00 OR_

=0
ox oy oz
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rotii =0

® Truong diéu hoa : 1?(M )14 truong diéu hoa néu _
divF =0

o’u  o%u 82u_

+ =0
ox? oyt 8zt

® Phuong trinh Laplace :

Nghiém ctia phuong trinh Laplace goi 1a ham diéu hoa.
CAU HOI VA BAI TAP CHUONG 4.

4.1. Cac mat muc ciia mdt truong vo hudng khong giao nhau.

Pung [ Sai []

4.2. gradu(x,y,z)1a mot véc to.
Pung [ Sai [

4.3. divF(x, y,z)1a mot véc to.
Pung [] Sai []

4.4. rotf(x, v,z)la mot véc to.

Pung [] Sai  []

4.5. Trudng thé 13 mot truong vo hudng co gradu = 0.
bung [l Sai []

4.6. Truong thé 1a mot truong khong xody va nguoc lai
bung [ Sailk W |

4.7 Trudong diéu hoa 13 truong vo hudéng u ma u thoa méin phwong trinh Laplace.
pung [l Sai ]

4.8. Chung minh céac cong thirc
a. div(uﬁ' )= gradu.ﬁ + udivF
b. div[@', ]3]: FrotG — GrotF

c. rot(uﬁ )= [gradu, F ]+ urotF

4.9. Cho u = arcsin . Tinh gbc gitra gradu tai diém (1,1) va (3,4).

xX+y

4.10. Cho u = h{x + lj . Xac dinh diém tai 46 gradu = [1,— %j
y

4.11. Tim thong lugng cia cac truong véc to sau:

a. F=xyf+yzj+le€ qua phﬁn clia mit cau x’ +y2 +z° =R2,x20,y20,220

hudéng ra ngoai.

b. F=x’1 +y’j+ 2’k quamitcau x* + y* + z> = x hudng ra ngoai.
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c. ﬁzxf+yj+zl€ quamit z=1-+/x> + y”, z>0 huéng lén trén.
4.12. Tinh luu s cua truong F =(y+2)i +(z+x)j + (x + y)/g doc theo cung tron nho
nhit cia dudng tron 16n ctia mit cau x° + y° + z> =25 nbi cac diém M(3,4,0) va N(0,0,5).

4.13.Tith. 2xy’zdx + 2x° yzdy + (x> y* —2z)dz,
L

3 . 1 . i >
L c¢o6 phuong trinh x =cos¢, y = 75111 t,z= 5 sin¢ hudng theo chiéu tang cua t.

4.14. Chang minh rang cic trudng vecto sau day 1 nhimng truong thé, tim ham thé vi caa
chung.

-X

a. F=e"‘{ ! —ln(x+y)}7+ ¢
X+y X+

b. F:yz(2x+y+z);+zx(2y+z+x)]+xy(2z+x+y)l€
c. F=(y+2)i +(z+x)j+(x+ )k

4.15. Cho u va v 1a cic ham diéu hoa. Chiing minh truong véc to ugradv — vgradu 1a

truong 6ng.
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CHUONG 5. PHUWONG TRINH VI PHAN

GIOI THIEU

Ciing nhu phép tinh dao ham va vi phan, phuong trinh vi phan (PTVP) ¢6 tam quan trong
rat 16n va co ung dung rong rai trong moi linh vuc khoa hoc k¥ thuat va kinh té. Cu thé 1a nhiéu
bai toan kinh té, ky thuat dién tr, y hoc,... déu din dén phuong trinh vi phan. Trong toan hoc,
phuong trinh vi phan 1a mot chuyén nganh rat phat trién. Chuong nay cung cép nhing kién thirc
co ban vé phuong trinh vi phan thudng ( goi véin tit 1a phuong trinh vi phan). Bé hoc tét chuong
nay, yéu cau ngudi hoc phai nhan dang dwoc timg loai phwong trinh vi phan, qua d6 méi c6 thé
tich phan duoc (tim dugc nghiém), boi vi khong c6 mot phwong phép chung nao dé giai phuong
trinh vi phan. Giai PTVP 1a mot qué trinh tinh tich phén, vi thé yéu cau ngudi hoc phai thong thao
phép tinh tich phan va vi phan, d6 13 ndi dung cdt 18i ciia toan hoc cao cap.

Mot PTVP 1a mot phuong trinh c6 dang F(x,y,y',...,y("))=0 hay

dy d*y d™y

— s, ) =0 trong d6 x 12 bién sb doc 1ap, y = y(x) 1a ham sb phai tim,
dx dx? dx™

F(x,y,

vy, y(") 1a cic dao ham ctia ham s phai tim, (trong PTVP nhét thiét phai c6 mat it nhat
dao ham cip k nao d6 cta ham phai tim). Cap cao nhét ctia dao ham ctia ham sd y phai tim ¢
mat trong PTVP duogc goi la cap cua PTVP, chang han:
y'+x=0 (PTVP cap 1)
y"+(»")? =0 (PTVP cip 2)
Ham sd y = y(x) 1a mot nghiém cta PTVP néu nhu nd thoa min phuong trinh tirc 13
thay n6 vao phuong trinh s& nhan dugc dong nhit thirc. Chang han voi phuong trinh y'= x ta

2 2
co nghiém y = % ‘tham chi y = % +C trong d6 C 13 hiing s6 tuy v.

Giai hay tich phan mot PTVP 1a tim tt ca cac nghiém ctia nd. Vé mit hinh hoc, mdi
nghiém ctia PTVP 13 mot duong cong (dd thi ctia nghiém), vi thé ngudi ta goi duong cong dé
la duong cong tich phan cua PTVP.

PTVP dugc goi 13 tuyén tinh cip n néu ham sb F 1a bac nhat ddi véi y,y',..., y(”) , tie 1a
phuong trinh c6 dang:
YO 4 a )y 4t (DY, (0y = ()
trong do a;(x),...,a, (x), f(x)1a cac ham s6 cho trudc.
Néu f(x) =0 thi ngudi ta goi 1a phuong trinh tuyén tinh cap # thuan nhat.
Néu f(x)#0 thi nguoi ta goi 1a phuong trinh tuyén tinh cap n khong thuan nhét.
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Trong chuong ndy can nim vitng cic ndi dung chinh sau day:

1. Cac phuong trinh vi phan cap mot thuong gap.

Can phan biét dugc timg dang phuong trinh vi phan va phuong phép tich phan tuong
ung véi tung dang.

2. Céc tinh chét ctia PTVP tuyén tinh cap hai.

Tir cac tinh chat cia PTVP tuyén tinh 6 thé tich phan dugc khi di biét mot nghiém cua
PTVP tuyén tinh thuan nhat twong ung, hodc hai nghi€ém riéng cia phuong trinh khong thuan
nhat da cho, dac biét 1a khai thac nguyén 1i chong chat nghiém.

3. Phuong trinh vi phédn tuyén tinh cdp hai c¢6 hé s6 hang s6.

Bén canh phuong phap bién thién hiang s6 Lagrange, can nhan biét dang ham dic biét &
ve phai dé tich phan PTVP bang phuong phép h¢ s6 bat dinh.Van dung, c6 thé giai PTVP
tuyén tinh c6 hé s6 hang so cap n.

NOI DUNG

5.1. Phwong trinh vi phén cip 1

Trudc hét ta xét mot bai toan hinh hoc dan dén PTVP. Hiy tim phwong trinh duong cong L
(y=y(x))co tinh chat: mdi doan cua tiép tuyén voi dudng cong C nam giira hai truc toa do déu

bi tiép diém chia thanh hai phan bang nhau.

\

H.5.1

Gia sir M (x,y) € L, khi d6 hé sb goc tiép tuyén voi dudng cong tai M 1a:
V'(x)=tga = . (xem H.5.1)
PA

Do M 14 trung diém ctia ABnén OP = PA=x,suyra y'= -2
X
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Nhu vay ham s phai tim thoa man PTVP cép 1. Sau nay chung ta s& c¢6 cach giai phuong
trinh trén, nhung trudc hét ta c6 thé thir lai rang ham sb y =% thoa man phuong trinh véi C la
hang s6 tuy ¥. Tém lai, ho cac duong hyperbol c6 tinh chat da dit ra.

5.1.1. Cac khai niém co ban

Dang téng quat cua PTVP cép 1:

F(x,y,y")=0 hay F(x, y,%) =0 5.1
X
Néu tir (5.1) giai ra dugc y’ thi ta c6 PTVP cap 1 da giai ra dbi voi dao ham:
y'=f(xy) (5-2)
A. Pinh Iy ton tai duy nhit nghiém Cauchy-Peano
Cho phuong trinh (5.2): y'= f(x,y) va (xq,yo) €D (5.3)

Pinh 1y 5.1. Néu f{x,y) lién tuc trén mién D trong mit phiang Oxy thi ton tai nghiém:
f 20 . 3
vy = y(x) trong lan can x; thod man y, = y(x,). Ngoai ra néu a—f(x, y) ciing lién tyc trén mién
v

D thi nghiém tim duoc 1a duy nhét.
Bai toan tim nghiém ctia PTVP thoa man diéu kién (5.3) goi 14 bai toan Cauchy. Diéu kién
(5.3) goi la dicu kién ban dau.
B. Nghiém tong quat, tich phin tong quat
Ta goi nghiém tong quat cia PTVP cap 1 1a ham sb
y=o(x,C) (54
trong d6 C 1a hang sb tuy ¥, thoa man céc diéu kién sau:
a. Thoa man PTVP v6i moi hang s6 C.
b. Co thé tim mot gia tri C=C, sao cho y=¢(x,C,)thoa min diéu kién ban dau
vo = ¥(x9) = @(x,Cy) Vi (Xg, o) thoa man dinh Iy ton tai va duy nhat nghiém.
Nghiém tong quat cho duéi dang an:
D(x,y,C)=0 5.5
Hé thirc nay goi 1a tich phéan tong quat cia PTVP cip 1. V& mat hinh hoc, nghiém tong quat
hay tich phan tong quat xac dinh mot ho duong cong trong mat phang khong cat nhau goi 1a cac
duong cong tich phan cua PTVP cap 1.
C. Nghiém riéng, tich phan riéng
Ham sd y = ¢(x,Cy) goi 1a mot nghiém riéng ctia PTVP, tic 1a dugc suy ra tir nghiém tong

quat (5.4) voi hing s6 C xac dinh C = C;y. Tuong tu ta c6 mot tich phan riéng ctia PTVP

CD(.X,@, Co) = 0
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Chu y: PTVP con c6 cac nghiém khac nira, khong thé nhan duge tir nghiém tong quat,
duoc goi 1a nghiém ky di.

5.1.2. Cac PTVP cip mét thuwong gip

A. Phuong trinh véi bién so phan li

a. Pinh nghia: Phuong trinh véi bién s6 phén li (phuong trinh tach bién) 1a PTVP c6 dang:

Sidx + f5(y)dy =0 (5.6)
2
Chang han: al d); 4 2l 5= 0 1a phuong trinh v6i bién s6 phan li.
l+x° 14y

b. Phwong phap tich phan
Phuong trinh (5.6) c6 dang:

Si()dx = —fr(y)dy == f(y)y' (x)dx
Lay tich phan hai vé ta c6 :

[ fiydx==[ fr@)yde+C =] f(ndy+C

Vay [ fi)dx+ [ fr(ndy=C (5.7)

Do 14 tich phan téng quat cia (5.6)

Cha y : Phuong trinh dang : M (x)N;(y)dx+M,(x)N,(y)dy =0 c6 thé dua vé dang
tach bién. That vay, néu M,(x)#0 va Ny(»)#0 thi chia hai vé ciia phuong trinh cho
M 5 (x).Ny(p) s€ dugc :

M) . NaE)
M (x) Ni(p)

Do 1a phuong trinh véi bién sb phan li.

dy=0

Néu M,(x)=0 tai x=a hoic N;(y)=0tai y=»b thi bang cich thay truc tiép nhan
dugc x =a hoac y =b la nghiém.
Vi du 1 : Tim tich phan tong quét ciia phuong trinh :
X (p+Ddx+ (x* =1)(y=2)dy =0
Gidi: Véi y+1#0va x* —1£0 taco:

3

ic dx+y_2dy:0
x =1 y-l—l
Tich phén tong quat 13 :
4
lj—d(x 1)ozx+j1——3 dy=C
4 x4—1 y+1
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